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Abstract: This paper is devoted to the study of the tachyon kink on the world- 
volume of a non-BPS Dp-brane that is embedded in general background, including 



D . NS — NS two form B and also general Ramond-Ramond field. We will explicitly 

show that the dynamics of the kink is described by the equations of motion that 



arrise from the DBI and WZ action for D(p-l)-brane. 
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1. Introduction and Summary 

The study of the open string tachyon brought significant progress in the understand- 
ing of the nonperturbative aspect of string theory ^ . Among many results that were 
obtained in the past there is a very interesting observation that shows that some 
aspects of the tachyon condensation can be correctly captured by the effective field 
theory description, where the tachyon effective action describing the dynamics 

of the tachyon field on a non-BPS Dp-brane of type IIA and IIB theory was proposed 
in i, 0, 1, i \ 

One of the well known solutions of the tachyon effective field theory is a kink 



solution which is supposed to describe a BPS D(p-l)-brane |T^, |T6|, [T^, |T8|, |T^, ^ 



2T| , p^ . Very nice analysis of the kink solution was performed in the paper |]T5| 



where it was shown that the energy density of the kink in the effective field theory 
is localised on codimension one surface as in the case of a BPS D(p-l)-brane. It was 
then also shown that the worldvolume theory of the kink solution is also given by the 
Dirac-Born-Infeld (DBI) action on a BPS D(p-l)-brane. Thus result demonstrates 
that the tachyon effective action reproduces the low energy effective action on the 
world- volume of the soliton. 

In our recent paper we have extended this analysis to the spatial dependent 
tachyon condensation on a unstable Dp-brane moving in nontrivial background with 
the diagonal form of the metric ^. We have shown that this form of the tachyon 
condensation leads to an emergence of a D(p-l)-brane where the scalar modes that 



^For review of the open string tachyon condensation, see ^, 

^For recent discussion of the effective field theory description of the tachyon condensation, see 
0, |ll|, 111, 111, 111. 



3 



The similar problem was previously studied in lln, 23, 
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propagate on the kink worldvolume are solutions of the equations of motion that 
arise from the DBI action for D(p-l)-brane that is moving in given background and 
that is locahsed at the core of the kink. 

The purpose of this paper is to extend this analysis to the general background, 
including NS — NS two form field and Ramond-Ramond forms as well. We will 
study this problem in two ways. In the first one we will consider a non-BPS Dp-brane 
action where the worldvolume diffeomorphism is not fixed at all. The analysis of the 
equation of motion in this way is straightforward and in some sense demonstrates 
the efficiency of the study of the Dp-brane dynamics without imposing any gauge 
fixing conditions ^. More precisely, we will show that the spatial dependent tachyon 
condensation leads to an emergence of a D(p-l)-brane whose dynamics is governed 
by equation of motion that arise from the DBI and WZ action for D(p-l)-brane. We 
will also show that the mode that characterises the core of the kink does not depend 
on the worldvolume coordinates of the kink and that all its values are equivalent. 
This result is consistent with the fact that we do not presume any relations between 
worldvolume coordinates and target space ones so that all positions of the kink on 
the worldvolume of a unstable Dp-brane are equivalent. 

In the second approach we use the diffeomorphism invariance so that we will 
presume that the worldvolume coordinate that parametrises the spatial dependent 
tachyon condensation is equal to one spatial coordinate in target spacetime. We will 
then demonstrate that the dynamics of the kink solution is governed by the equation 
of motion of D(p-l)-brane even if the analysis of these equations is more difficult. We 
will also show that the mode that describes location of the kink on the worldvolume 
of a non-BPS Dp-brane has physical meaning as the embedding coordinate in the 
spatial direction that coincides with the worldvolume direction. We will also show 
that this mode obeys the equation of motion that arises from the DBI and WZ term 
for D(p-l)-brane moving in given background. 

These results explicitly demonstrate that the tachyon like DBI action together 
with WZ term allows correct description of the emergence of a BPS D(p-l)-brane. 
We also hope that this analysis could be extended to another situations where the 
effective field theory description of the tachyon condensation could be useful. For 
example, we would like to apply this analysis to the supersymmetric version of a 



non-BPS Dp-brane in general background, following again |T^. It would be also 
nice to find solution of the tachyon equation of motion that describes D-branes with 
codimensions larger then one. In other words, we would like to see whether we can 
describe an emergence of a D(p-2)-brane that, by definition is unstable and hence 
the tachyon should be present on the worldvolume of the kink. 

The rest of this paper is organised as follows. In the next section (|^) we will 
analyse the equation of motion for non -BPS Dp-brane in curved background without 



*We thank prof. U. Lindstrom for stressing this point to us. 
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any static gauge presumption. We will see that the modes living on the worldvolume 
of the kink solve the equation of motion that arise from the DBI and WZ action 
for BPS D(p-l)-brane. We will also calculate the stress energy tensor and we will 
show that it is equal to the stress energy tensor for D(p-l)-brane. In section (^) we 
will study the same problem where now we partially fix the gauge. We will again 
show that the dynamics of the kink is governed by the DBI and WZ action for BPS 
D(p-l)-brane. 

2. Non-BPS Dp-brane in general background 

As in our previous paper we begin with the Dirac-Born-Infeld like tachyon effective 
action in general background [§|, 0! 01 



S = -J dP+i^e-*l^(T)V-det A 



A^, = gMNd^X^'^d^X'' + bMNd^X^'d^X"" + F^, + d^Td.T ,fi,u = 0,...,p, 

(2.1) 

where A^ , z/ = 0, . . . , p and X*^'^ , M, = 0, . . . , 9 are gauge and the transverse 
scalar fields on the worldvolume of the non-BPS Dp-brane and T is the tachyon 
field. V{T) is the tachyon potential that is symmetric under T — T has maximum 
at T = equal to the tension of a non-BPS Dp-brane Tp and has its minimum at 
T = ±oo where it vanishes. 

Since we will consider a non-BPS Dp-brane in the background with nontrivial 
Ramond-Ramond field we should also include the Wess-Zumino (WZ) term for non- 



BPS Dp-brane that is supposed to have a form [25 



Sy^z = I ViT) AdTA Ce^+^ . (2.2) 



In (|2.2|) S denotes the worldvolume of a non-BPS Dp-brane and C collects all RR 



n-form gauge potentials (pulled back to the worldvolume) as 

C = ®nC*(n) ■ (2-3) 



The form of the WZ term (|2.2| ) was determined from the requirement that the 
Ramond-Ramond charge of the tachyon kink is equal to the charge of D(p-l)-brane 



^We work in units 27ra' — 1. 

^Another aspects of Wess-Zumino term for non-BPS Dp-brane were also discussed in 
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Using and (|2.2| ) we now obtain the equations of motion for T, X and A^. 
The equation of motion for tachyon takes the form 

-e-^V'{T)V-detA + ^d^ [e-^d,T [{A^'Y^ + (A-^)^^) V- det a] + Jt = , 

(2.4) 

where Jt = -^fSwz is the source current derived from varying the Wess-Zumino 
term. For scalar modes we obtain 



5e 



W- det A 



"-^V (^d.X'^d^X^ + ^-^d.X'^d^xA {A'r'V^d^ + 



+ 2^M [e-^YgKAAX'' [{A-'r + (A-^)^'^) v^^ditA 



+ 



+^d^ [e'^VbKMd.X^' {{A-'r^ - (A-y^) v/^d^ 



where Jk = j^Swz- Finally, the equations of motion for are 



Jk = ^ 



-d, [e-'^V ({A-^Y" - {A-^y^") V- det a] + = 



:2.5) 



:2.6) 



where = jj-Swz- To simplify notation it is convenient to introduce the symmetric 
and antisymmetric form of the matrix (A^^) 



s --((A-Y^ + (A-i 



A - -ii^-'r - i^-'D ■ (2.7) 



Now we derive the explicit form of the currents that arise from the WZ term ( |2.2| ). 
To do this we write ( p.2|) as (We will closely follow the analysis of the currents for 
BPS Dp-brane that was performed in [pl[] .) 



n<o "-i^-j y- 



[2.8) 



where g/^i---A'p+i is Levi-Civita tensor (with no metric factors) and q = (2p+l — 1 — 2n) 
The explicit variation of (^.8[) is equal to 



^Swz = E -T7^ / d^-^'^e^-^^-^ [^'(T)5T((^);:^...,^,C,,„,,...,,9,,,,T 

+V{T) {{:F)l^,,,,^C,,„^,...,^d,^^,5T) + V{T) (n{2d,,5A,, + dKhuN^X^ d,,X^' d.^X"" + 

+26Miv9,,5X*^5,,X^)(^);:3-i^^„C,,„,,...,^9,^,,T) 
+V^(T)(^);:,...,,„ (gCM,..M,9,,„,,5X^^^ . . . d,^X''^ + 



+dMCM....MJx"'d,,^^,x^'^ . . . d.x'^A d.^j 



(2.9) 
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From this equation we obtain following form of the currents 
2n 

_^,^i...^p+i^ i/r/'U'/-, 



E 



J' 



1 



(2.10) 



r 



_Ati...Atp+i 



••M2n^A'2n+l 



(2.11) 



and 



n<o^K2!)"g!' 



:Ml---Mp+l 



//tl.../i2 

-2nd,, [v{T)bKMd,,X''' {T)l-^.,,C,,^^,...,^^,^^, 

'M2 



-gf?2n+l (T) ( JF) CKM2...Mg d,2n+2^' 

(2.12) 

Now we try to find the solution of the equations of motion ( p.4| ), ( p.5| ) and ( p. 61 ) that 
can be interpreted as a lower dimensional D(p-l)-brane moving in given background. 
Without lost of generality we choose one particular worldvolume coordinate, say 
= X and consider following ansatz for the tachyon 

T(x,0 = /(a(x-t(0) , (2.13) 

where as in |l^ we presume that f{u) satisfies following properties 

f{-u) = -f{u) , f\u) > , Vn , /(±oo) = ±oo (2.14) 

but is otherwise an arbitrary function of its argument u. a is a constant that we 
shall take to oo in the end. In this limit we have T = oo for x > t(^) and T = — oo 
for X < t(^). Note also that t(^) in (|2.13|) is function of ,a = 0, . . . ,p — 1. Let us 
also presume following ansatz for massless fields 

X^'ix, = X*^(0 , A,{x, = 0, A^{x, = A^iO , « = 0, . . . , p - 1 , (2.15) 

where again ^ = (^°, . . . ,^^~^). Before we proceed further we would hke to stress 
what is the main goal of this analysis. We would like to show that the dynamics of 
the kink is governed by the action 

•S* = Sdbi + Swz , 
Sdbi = -Tp^i J (F^e'^V- det a , 



wz 



E 

n<0 



1 



n!(2!)"g! 



(2.16) 
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where 



^af3 = idMN + bMN)daX dpX + F^p , 
Ca2„+i...ap = C M2n+i-Mpda2n+i^^^"^^ ■ ■ ■ 9apX^^ . 



(2.17) 



In other words we will show that the modes given in ( |2.15|) that propagate on the 
worldvolume of the kink obey the equations of motion derived from (p.l6|) that have 
the form 



6e- 



SX^ 



W- det A 



2 \6X 



+da [e-''gKMdpX''{8i-X"V^^d^] + 
+da \e-%KMdpX^\a-'f/V- det al + Jk = , 



(2.18) 



where 



J, 



6S 



wz 



K 



E 



ai...Q!p 



5X^ ^,nm-q 



as- 



-Ma 



+ i^)ai...a2n'^KCMi...Mgda2„+iX ^ . . . O^pX 
-2ndai ^ii'M<9a2-^*^(-^)a7.^.a2„'^a2n+i...ap 



~(l^a2n+i (•^)ai...a2„^ 



dn„„.^X^^^ . . . dnX 



KM2...MqUa2n,+2 

In the same way we get that the equation of motion for are 

e-*(a-i)f v/^d^l + J" = , 



Ma 



where 



„>o "--^ y- 



jt— 1 /~i 

"3---a2n "2n+2---ap 



(2.19) 



(2.20) 



f2.211 



Let us again return to the ansatz ( p.l3| ) and ( |2.15| ) and calculate the matrix A^,y 

,2 fl2a + ^2 el2 



A 



where 



= [gMN + bMN)daX^dpX^ + -Pa/3 



(2.22) 



(2.23) 
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Now using the fact that 



det A = det(Aa/3 - 



A. 



det A, 



we get 

det A = det a . 

As a next step we determine the inverse matrix (A~^) up the correction O 
some algebra we get 



(2.24) 

(2.25) 
After 



(A- 



-l\al3 



,(A- 



dr,t(a 



(A 



-l\ax 



[sr^Y^dpt , (A-i)"" = do^tiar^y^dpt 



(2.26) 



In the hmit of large a. Using also the relation A^,^(A "^Y^ = and the form of the 
matrix A given in (|2.22|) we easily determine following relation 



— (6^ 



(A-^)r 



(2.27) 



Now with the help of ( |2.27| ) we get 

[e-'^Vd,T{A-%W- det A 
'e-'^Vaf\{A-%'' - {A-'Ys''dJ)V-det A 



d„ 



d„ 



V(5^ 



A-')f)^/^d^ 



dm 



T(r)(i 



(A-i)^")V-deta - 9„ e-*V^(A-^)^° V- det a 



V'af'e^'^il - {8i-^)fdJdpt)V- det a + V'af'dJ{si-^)fdf3tV- det a - 
= V'af'e-'^V-deta - Vd^ 



*^"-^)f 9^tV-deta 
5 dptV— det a 



(2.28) 



where we have used the fact that daV = V'daT = —V'f'dat and also the fact that 
the only field that depends on x is tachyon T. Using (|2.28|) we get following form of 
the DBI part of the tachyon equation of motion ( p.4| ) 



dnt^/— det a 



(2.29) 



Now we consider the DBI part of the equation of motion for (2^)- With the 
ansatz ( |2.13| ) and ( |2.15| ) the first two lines there take the form 



i/V9i^[e-*]y^d^ 



- - afV— {dK9MN + dKbuN) d^X'' dpX'' {a-'Y^^f^d^ . 



(2.30) 
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On the other hand the expression on the third hne in ( |2.5| ) takes the form 



e-''VgKMdaX''{A-'r/afV^d^ 
iVfdp \e-''gKMdaX^'{~Si-')fV^d^ 



(2.31) 



where we have used 



dp[aVf'] = -d,[aVf]df,t 



(2.32) 



and also the fact that are function of only. In the same way as in ( |2.31| ) we 
can show that 



e-^VbKMdaX^\A-^)Jaf'V~ det a 
f'Vdp \e-%KM^aX^\^-'f/^/^d^ 



(2.33) 



If we collect all these results we obtain that the DBI part of the equation of motion 
for X^ takes the form 



if'V (^-9^[e-*] v/^ditl - — {dKgMN + dKhuN) d^.X'^'dpX^ {sry^f^^^ 



Now let us consider the equation of motion for gauge field. For Ar^ we get 
d, f\/e-*(A-i)^V-det aI = afVdptdo, fe^*(a-i)^^"V- det al , 



(2.34) 



(2.35) 



where we have used an antisymmetry of (a ^)^^ so that (a ^)'^dadi3t = 0. 
On the other hand the equations of motion for take the form 



e-*(A-^)7^/-det^A-l 

dp 



= 9,[a/V]e-*(a-i)f 9/3tV- det a + 
/Ve-*(a-i)f V-detal = af'Vdfs [e-*(a-i)f V- det a 



(2.36) 



As a next step we evaluate the currents given in ( |2.1CI|) , ( p.ll|) and ( |2.12| ) for the 



ansatz ( 2.15 ) and ( 2.15 



To begin with we determine the components of the embedding of various fields. 
It is easy to see that 



J^xa — -xx — Fxa + ^MNdxX^^ daX^ — 



(2.37) 
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due to the fact that all worldvolume massless modes do not depend on x and also 
thanks to the fact that = Then the only nonzero components of J-'^i, are 
^oLj3- For C*^"^ the situation is the same, namely any component that in the subscript 
contains x vanishes since 



C,,,x... — C ,,,M...dxX^^ — . 
Now we begin with the gauge current J^. Firstly, is equal to 



(2.38) 



^ 2n 

n>o y- 

^ 2n 

n>o y- 



.xa2a3...a. 



2n 



-flfW xa2a3...apair, ( T-)n-l n f) f 



2n 

„>o "--^ y- 



(2.39) 



where we have used the fact that daj^{Vf') = —dx{V f')dait and then an antisymme- 
try of g^"i---"p so that e"^"^ ' (9a^(?Q,2t = 0. Also the form of the current J" was given 
in ( ^ ) ^ 



On the other hand the current J"^ is equal to 

Or) r ~ ~ 

7"! = V aia2...QpXO T/fTV^r"^ (7 ST 

„l9n„r "2 n-^jQ3...a2n'-""2n+i...apf^xJ 

n>Q "'■^ y- 



+ 



+ E 

n>0 



2ra 



r7!2"g! 
2ra 



^«ia;a3...«p«2 



^(^)(-^)a3...a2n^"2n+l---ap^a2^ 



^ n!2"g! [1-^^0:3. ..a2n'^"2n+i... apj aj V J 



n>0 



(2.40) 



using the fact that (J^)""^ and C,,,x... are equal to zero. If we now combine ( ^.36| ) 
with ( p.40| ) we get 

afV \dfs [e-*(a-^)f V-deta 



+ r 



. 



(2.41) 



Let us now analyse the behaviour of the term af'V in the limit a — > 00. Since by 
definition f'{u) is finite for all u it remains to study the properties of the expression 
aV. Since V ~ for T ^ 00 we have 



\imaVifiaix-m)= (for x ^ t(0) 



lim 



a 1 



a^oo e/(«(^-*(?))) (x - t(0)/' 



lim e-^(''(^-*(«))) = 



(2.42) 



^Note that e"i --"p^ = gai...ap_ 
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We see that for x 7^ t(^) the expression aV goes to zero in the hmit a ^ 00. On 
the other hand ioi x = t{^) the potential V^(0) = Tp and hence in order to obey the 
equation of motion for we find that the expression in the bracket in ( p.41|) should 
vanish. In fact, this expression is the same as the equation of motion for given 
in (^) 

On the other hand using ( p.35| ) and ( p.39| ) the equation of motion for Ar^ takes 
the form 



afV [dpt (d^ 







(2.43) 



e-*(a-i)(^"v/^d^ 

that clearly holds using the fact that all modes obey the equation of motion ( |2.20| ). 

Now we will analyse the current Jk- Looking on its form ( f^.l2D it is clear that 
the expressions on the first and the second line are nonzero for /ip+i = x only. On 
the other hand the expression on the third line can be nonzero for /ip+i = x and for 
fii = X where we get 



+ 



a2n+i...ap 



(2.44) 



Finally, the expression on the last line in ( |2.12| ) is equal to 

-ge^-^^+^9^,„^, [\/(T)(^);:^...^^„C^M,...M,9,,„^,X^^^^ . ..d,^X'^'^d,^^,T 
= _^e"-"^-9«,„,, [a/V(T)(^)^^_^„CKM....M,9«.„+.X^^^ . . . d^^X''^ 
[v^(T)a/U.„,,t(^);:,...,,„C^M....M,9,,„,,X^^^ . . . d,^X 



+ 



Ma 



-af'Vqe°'^-°'P''da2„+i (•^)ai...a2„^^<^A/2...M,<9a2„+2-^*^^ 



d^X 



Ma 



(2.45) 



If we now combine all these results together we obtain final form of the current Jk 

Jk = af'VY^ r,l('9l^n^l^"' (dKbMNdarX^da2X^{T)l~^^^^Ca2r,+i...ap 

n<o "'■{'^■j y- 



-Ma 



+ i^)aj_...a2n'^KCMi...Mgda2„+iX ^ . . . O^^X 
-2nda-, &i<-MC?a2-^^^(-^)a^^.a2n'^"2n+l...«p 



+ 



+5^a2n+l {^)ai...a2„^KM2...Mgda2„+2X^''^ . . . da^X^^"* 



af'VJK , 



(2.46) 



where Jk was defined in (|2.19|) . Using ( p.34| ) and ( |2.46| ) we obtain the final form of 
the equation of motion for X^ in the form 

afV (-a/^[e~*]V-det a- 
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{dK9MN + dKhMN) 5aX^9^X^(a-i)"^v/^d^ 
+dp \e-HKMdaX''\ar^f^^- det al + Jk) = . 



(2.47) 



Following discussion given below ( p^.41[ ) we see that the expression in the bracket 



in ( 2.471 ) should be equal to zero. On the other hand this equation is exactly the 



equation of motion for the embedding mode that lives on the worldvolume of D(p- 
l)-brane that was given in ( |2.18|) . 

Finally we come to the analysis of the tachyon current Jt that can be written as 



n<0 



(2.48) 



It is not hard to see that the tachyon current is equal to zero. Firstly, the contribution 
to for which /z^"*"^ = x vanishes thanks to the fact that all massless modes do not 
depend on x. On the other hand for /ip+i ^ x all contributions to Jt vanish since 
then there certainly exists T oi C with the lower index containing x and as we argued 
above these terms are equal to zero. Hence we get 

Jt = . (2.49) 

Then the equation ( |2.4| ) takes the form 

Vd, 



*(a-i)fa^tV-detal = . (2.50) 



Since for general background all massless fields depend on ^ the only way how to 
obey this equation for x = t{^) where V{0) = Tp is to demand that dat = 0. In other 
words we obtain a set of the tachyon kink solutions labelled with constant t that 
determines the position of the core of the kink on the worldvolume of an unstable 
Dp-brane. We mean that this is a natural result for a non-BPS Dp-brane where 
no gauge fixing procedure was imposed. In this case the position of a Dp-brane 
in the target spacetime is not specified and consequently all kink solutions on its 
worldvolume are equivalent. 

In summary, we have shown that the spatial dependent tachyon condensation on 
the worldvolume of a unstable Dp-brane in general background leads to an emergence 
of a lower dimensional D(p-l)-brane where the massless modes that propagate on the 
worldvolume of the kink obey the equations of motion that arise from the DBI and 
WZ action for D(p-l)-brane. 
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2.1 Stress energy tensor 

Further support for an interpretation of the tachyon kink as a lower dimensional 
D(p-l)-brane can be derived from the analysis of the stress energy tensor for the 
non-BPS Dp-brane. In order to find its form recall that we can write the action (|2.1j ) 
as 

Sp = -J d^^xd'^P+^'>^6{X^'{0 - x^^)e-*F(T)V-detA . (2.51) 

From (|23l| ) we can easily determine components of the stress energy tensor Tmn{x) 
of an unstable D-brane using the fact that the stress energy tensor Tmn{x) is defined 
as the variation of Sp with respect to gMN^x) 

1mn[x) — 



,J-g{x)Sg^^^{x) 

•> . / — n( t\ 



g[x) 

(2.52) 

Now from ( p.l3|) and ( 2.15 ) we know that all massless modes are x independent. 
Hence ( p.52|) is equal to 

Tmn{x) = - f dxaf'Vifix)) f ^^^ ^(^'"(0-3:^") ^ 



-T,_i / d^^ ^^^ /^^ K -''gMKgNLdaX''d^X\Bi-ys''V^d^ 

-'-gix) 



(2.53) 

where 

Tp_i = J dxaV{f)f' = J dmVijn) (2.54) 

is a tension of BPS D(p-l)-brane. In other words the stress energy tensor evaluated 
on the ansatz (|2.13|) and ( p.l5| ) corresponds to the stress energy tensor for D(p-l)- 
brane. 

In the same way we can study other currents that express the coupling of the 
non-BPS Dp-brane to closed string massless fields. For example, let us consider 
current j^^'^-^^n corresponding to the variation of Swz with respect to Cmi...Mm{x) 

jM....M.^^) = ^ulnN,_ J <P^'i6''{x'^^ -X'\0)V{T)e^^-'^-^ x 



(2.55) 
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where n = It is clear that the nonzero components corresponds to /ip+i = x 

(since in the opposite case there will be derivative dxX that for ( p.l5| ) vanishes) and 
we get 



n!(2!)"A^!7 ^ 



(2.56) 



where fip^i = Tp_i is a Ramond-Ramond charge of D(p-l)-brane and hence (|2.56|) is 
an appropriate current for D(p-l)-brane. 

3. Partial fixing gauge 

In order to find solution of the tachyon effective action, where the mode t that de- 
termines the location of the core of the kink could be interpreted as an additional 
embedding coordinate, we should partial fix the gauge. In other words, when we 
choose one spatial coordinate on the worldvolume theory on which the tachyon de- 
pends we will also presume that this coordinate coincides with one arbitrary spatial 
coordinate in the target spacetime. Since both worldvolume theory and spacetime 
theory are diffeomorphism invariant we can without loose of generality choose the 
worldvolume direction on which the tachyon depends to be and the spacetime 
direction to be X^. Then we demand that 

X^ = x = e- (3.1) 
Let us now consider following ansatz for the tachyon 

T(x,0 = /(a(x-t(0) , (3.2) 

where f{u) could be the same function as was defined in previous section. We also 
presume following ansatz for massless modes 

X\x, = X\0 , M^, = 0, A^{x, = A^iO , (3.3) 

where I, J, K = 0,1 ... ,8 and where , a = 0, . . . , p — 1 are coordinates tangential 
to the kink worldvolume. 

Now we must show that the ansatz (|3.2| ) and (|3.3|) solve the equation of motion 
for T, X*^ and A^. Firstly, for (3^) and (|3.3| ) the matrix A^,^ takes the form 
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Aa/3 = (a^/'^ — ggg)datd/3t — Haxdfst — datHxp + ^al3 , 

a«/3 = gmdatdpt + gijdaX^dpX'^ + d^X^ gigdpt + dJggjdpX-^ + 



As in the previous section we obtain that det A is equal to 

det A = a^f^ dei^k^p) + 0{l/a) 



(3.4) 



(3.5) 



and the inverse matrix (A ^) when it is expressed as function of (a ^) and dt takes 
the form 



(3.6) 



where the relations in (|3.6|) hold up to corrections of order l/a^. 

Now using the form of the matrix A (|3.4| ) and the equation (A~^)^''Ai^p = 5^ 
we easily determine following exact relation 



1 



A-^)r^?99 - ^ ( f A-il'^^ff^. + H^JA-^Y^ 



Then with the help of (|3.7|) we can write the second term in (|2.4|) as 



(3.7) 



5„ 



e-* det A(A-^)f 



d„ 



- (A-')r^799 - -((A-i)^°i7„. + i7.,(A-i)-'^))v/^d^ 



(3. 



Following [|15] we can now argue that due to the explicit factor of a^/'^ in the 
denominator the leading contribution from individual terms in this expression is now 
of order a and hence we can use the approximative results of det A and (A~^) given 
in and (|3.6| ) to analyse the DBI part of the equation of motion for tachyon (|2.4| ) 



9„ 



dx 



e-'^VV^d^af-^id^ - (A-y^ggg - ^{A-y^H^x - ^HxaiA-'Y') 



-e-*1/V- det A 

e-''V^/^d^il - {ar^Ys'gggdjdpt - hpt{sry''H^x - \Hx^{sr^Y^dpt) 
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s 

l\a0 Ti 

I3x 



e *V— det a(l — (a ^)%^ gg^datdjit- 



(3.9) 



We should now more carefully interpret the result given above. Firstly, as we know 
from the previous section the tachyon potential V is equal to zero for x — t{^) 7^ 
while for x — = we get V{Q) = Tp in the limit a — 00. Moreover, we will show 
in the next subsection that the tachyon current Jt is equal to Jt = —VJg when it 
is evaluated on the ansatz ( |3.2| ) and (|3.3| ). Note that Jg is gauge fixed version of the 
current ( p.l9| ). The main point is that the tachyon equation of motion is obeyed for 
X — t{C,) 7^ while for x = t{^) we should demand that the expression in the bracket 
in ( p.9[) together with — Jg should in be equal to zero. If we now use the fact that 



we 



can write the expression in the bracket in ( p.9|) with — Jg in the form 



(3.10) 



5e 



ox 2 \ ox ox j 
-dAe'''4^^a{k~^)fggudpY''\-d^' n 



-dr. 



e-*v/^ditI(a-i)f6gM9^r*^ 



e-*v/^d^(a-i)f ^7gMl dr^tdpY"^ - 



V-det 



a(a ^Tlhgu 



d^Y^'dpt - Jg = , 
(3.11) 



where we have introduced the notation 



F*^ , M = 0, . . . , 9 , = , / = 0, . . . , 8 , = t 



, . . . , , 



(3.12) 



It is important to stress that in ( p.ll| ) we firstly perform the derivative with respect 
to X and then we replace x with t{^). Then the presence of the following expressions 
in (OD 



e-*V-deta(a-i)°^^9M 



dJdpY^' - [e-*V-deta(a-i)769Mj dj'^^dpt 

(3.13) 

is crucial for an interpretation of t{^) as an additional scalar field that parametrises 
the position of D(p-l)-brane in x direction. 
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To see this more clearly let us compare with the equation of motion ( p.l^ ) 

for = 9 and observe that the expression on the third line in ( p.l^ ) can be written 
as 



= da 

-MM 



e *V— det agQudpY'^^a 
deta(e,x)^9M9;3F^'(a-^)f 



(3.14) 



where on the second line the derivative with respect to treats x as an independent 
variable so that we firstly perform derivative with respect to S," and then we replace 
X with Y . We see that this prescription coincides with the expressions on the second 
line in ( |3.11| ). In the same way we can proceed with the expression on the fourth 
line in (PTTHD 



e-*(?.-)^- det a(e, x)h,MdpY''\ayA%i, x 



e-*«--)w'-deta(e,x)69M(a-^)^"(e, 



X] 



doYdaY^' 



(3.15) 



and this again coincides with the expressions on the fourth line in ( p.ll| ). In summary, 
the location of the tachyon kink in the x^ direction is completely determined by field 
t(^) that obeys the equation of motion ( |2.18|) for 7^ = 9. 

Now we come to the analysis of the equation of motion for ,K = 0, . . . , 8. 



For the ansatz (|3.2|) and (|3.3|) the first term in (|2.5|) takes the form 



6e 



.6e- 



^^^^V-detA = a/V^V-deta . 
On the other hand the expression on the second line in 

SgMN 



(3.16) 



e-^V 



af'Ve 



can be written as 
A-i)'^^ V- det A = 



OaY OrY + -—r^OnY OnY 



5YK 



5Y^ 



~-l\l3a 



a 



)^" V- det a 



(3.17) 



where we have used the notation (|3.12| ). Finally we will analyse the expression on 
the third and the fourth line in (|2.5|) that can be written as 



e-''V{gKMd,X'\A 



IS 



6^M9.X^'(A-i)7)V-detA 



(3.18) 
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After some length calculations we obtain that (|3.18| ) for the ansatz ( p.2|) and ( |3.3| ) 
takes the form 



aVf {d, [e-*(^?KM(a-^)f + 6^M(a-^)f )v/^d^] d^Y^d^t 



(3.19) 



Finally, using ( glBD , ( ^TtD and (|3l9|) we get 



af'V \ -TT777V-det a+ 



+(9^. e"*(5(i^Af(a~^)5^ + 6xM(a~^)A'^)V-deta 



(a-^)'^"V-deta 



+9„ [e-*(^7;,M5;3F^^(a-i)f + 6;,M9^r^^(a-^)l")v/^d^] + J^} = 



(3.20) 



using the result that will be proven in the next subsection that the current Jk is 
equal to aV f Jk, where Jk is given in ( p.l9|) . 

As we know from the previous section the expression af'V goes to zero in the 
limit a oo when x ^ t{^). On the other hand for x = t(^) the potential 1^(0) = Tp 
for arbitrary a and hence in order to obey the equation of motion for ( p.5|) we 
get that the expression in the bracket {. . .} should vanish for x = t{C,). However this 
is precisely the equation of motion (|2.18| ) and hence we again obtain the result that 
the scalar modes should solve the equation of motion that arise from the action 
for BPS D(p-l)-brane. 

Since we mean that it is very important to find the correct interpretation of the 
equation (p.2CI|) we we would like again stress that in the expression in the bracket 
in p.2(j| ) we firstly perform a derivative with respect to and then we replace x 
with t{^) in the limit a oo. This fact implies that t(^) is an scalar mode that 
parametrises the location of D(p-l)-brane in the x^ direction. 

To complete the discussion of the equation of motion for X^ we should also 
analyse the equation of motion for X^. If we proceed in the same way as for X^ 
that was analysed above we obtain that the equation of motion for X^ takes the form 



af'V i- — ./^d^[d,g,,^ + d^bMN] 9„F^5^r^(a-i)^- - 5,[e-*]v/^d^+ 



+d, [e-*(79A/(a-i)f v/^d^J dJdpX^' + dp [e-'' g^Md^Y^\sr^)f ^f^d^ 
[e-*69A/(a-')^^"V-detal dJ:dpX^' + dp \e-H^MdaX^' {aT^T/ ^/ - det a 



+ Jc 



+ 

= 0, 
(3.21) 
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where we have again used the result from the next subsection that Jg = afV'Jg. We 
see that the expression in the bracket (...) in ( |3.21| ) coincides with the equation of 
motion (|2.18| ) for K = 9. This is nice result since we should obtain ten independent 
equations for scalar modes and we see that the equation of motion for T and for 
imply one equation of motion for mode t. 

Finally we come to the analysis of the equation of motion for given in 
For fi = a the DBI part of the equation of motion (|2.6|) takes the form 



d,[Vaf]e~''{si-^)fdptV- det a + dp[V a {si-')fV- det a + 
Vaf [d^ [e-*(a-^)f V-deta] dpt + dp [e-*(a-i)f V- det a]) . 



(3.22) 



Again using ( p.32| ) we see that the expressions on the first line cancel. If we now 
combine ( p.22|) with (|3.37|) we obtain final form of the equation of motion for 



Vaf (9,. [e-*(a-i)f V-deta] df,t + dp [e-*(a-^)f V- det a] + J") = 



(3.23) 



As usual we demand that the expression in the bracket (. . .) in ( |3.23D should be equal 
to zero for x = t{^). Then the vanishing of this expression is equivalent to 



da 



e-*WO) / deta(t(0)(a-i)l"(t(0) 



+ J"(t(O) = 



(3.24) 



that is an equation of motion for the gauge field given in ( p.20| ). 

Finally, the DBI part of the equation of motion ( |2.6| ) for fi = x and for the ansatz 
takes the form 



V^e-*(A~i)^V-det a] = dp [\/a/'e-*9,t(a-^)f V- det a 

= Vaf'dptda \e-'^ia-y/V-deta 



(3.25) 



using (|2.32| ) and then an antisymmetry of the matrix {a~^)'^. Now with the help of 
the current given in ( |3.39| ) and with p.25| ) the equation of motion ( |2.6| ) for fi = x 
takes the form 

aVf {dpt (da [e-*(a"^)(^"V-deta] + J^)] = 
= aVf {dpt (da [e-*(a-i)^"V-deta] + d^ [e-*(a-^)f V- det a] d^t + J^)} = , 

(3.26) 

where we have included an expression aV f'dptdatdx e~*(a~^)^'^-\/— det a that van- 
ishes thanks to the antisymmetry of (a~^)^^ however whose presence is crucial for an 
interpretation of t as an embedding coordinate. Following arguments given above we 
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obtain that the expression in the bracket {. . .} should be equal to zero for x = t{^) in 
the limit a — oo. We see that this holds since as we have argued above the massless 
modes obey (|2.20|) . 

In summary, we have shown that the dynamics of the tachyon kink is governed 
by the equation of motion that arises from the DBI and WZ action for D(p-l)-brane 
that is localised at the point x = t{C,). To really conclude this section we should now 
evaluate currents Jm, and J^. 



3.1 Analysis of currents 



In this subsection we will analyse the currents ( p.lO ) , ( 2.11 ) and ( p. 12 ) for the ansatz 
given in ( p.2|) and (|3.3|) . We will see that this analysis is much more difficult that in 
the case when we did not impose any gauge fixing conditions. 

We start with the gauge current ( |2.10|) where fii = ai. In this case we get 



2r) r 1 

n>0 ■ 

2n r 

= V aia2...apa;o V (TM T^'^~'^ C BT 

^ ^I9n/rl "2 y \^ A-^Jo3---a2n'^"2n+l...ap'^a;J 

In r 

„>o ""^ y- 



^ An{n aia2xa4...a^azpf 
~r ion 1 "2 

n>o "-^ y- 



«2 



(T) ( JF) Q,2„ ^a;a2n + 2 ■ ■ -Op ^a2n + i 



+ 
+ 
+ 



(3.27) 



It can be shown that for the ansatz (|3.2| ) the expressions on the second and the third 



line in ( p.27|) take the form 



2n 



„>o ""-^ y- 



+ 



^0 ^'2"g! 



ai...apxg (■r\n-L (J 



8 f 



(3.28) 



Now we come to one important point. As we know from the previous section the 
factor aVf vanishes for x ^ t(^) for a — >• oo. At the same time we argued that we 
should regard t(^) as an embedding coordinate. On the other hand !Fai3 contains an 
embedding of B that is equal to 



BjjdaX'd.X-' 



(3.29) 
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and we also have 



C, 



a2n + l---«p 



Cj J d X-^^n+i Q x^p 



(3.30) 



Now we would like to argue that whenever some term in any current will contain a 
factor da^t we can replace all JF^,^ and all 0^2^+1.. .a^ with Tap and Ca2n+\-(^p where 



a 



«2n + l---ap 



c 



M2„+i...Mp 



(3.31) 



where was introduced in ( p.l2|) . To see that this replacement is correct note 
that the additional terms in expressions (We mean expressions with the overall mul- 
tiplicative factor da^t) , when we replace JF with JF and C with C contain derivative 
of t in the form dayt. Now thanks to the existence of the factor e°i --°^p^ it is clear 
that these terms after multiplication with da^t vanish since 



^a,...a....ay...apXQ jg J ^ g _ 



(3.32) 



Now we proceed to the analysis of the expression on the fourth line in (|3.27|) 



n>o ''-^ y- 



02 



V{T) Txa^ (^) Q5 . . .Q!2n ^"2n + l ■ ■ -"p ^Ofi 



p/ V- 4n(n-l) 



avf y — —e 

„>o "--^ y- 



02 



using the fact that 

Txa = Fxa + bgjdaX^ = bgjdaX^ . 

Now it is easy to see that ( |3.33|) together with (|3.28|) gives 

2n r 

n>o "--^ y- 



(3.33) 

(3.34) 



+ 



2r? r 
„>o "--^ y- 



•902^ + 



+aVf' y — —e 

n>o "--^ y- 



d, 



Ct2 



In 



n>o ""^ y- 



+ 



2n 



\ra— 1 

a3...a2n "2n+l---ap 



(9 f 



(3.35) 
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To complete the discussion of the current we should analyse the expression on the 
last line in i ^27\j 



2nq 



y 

„>o ^!2"g! 



ai...a2nXa2„+2---apa2n+i a 



OL2 



V^(T) (^)ct3...Q2n^^'^2n+2---Op^a27i+l-^ 



n>o "-^ y- 



n-1 ^ o , 

a3...a2n^'^27i+2---ap"^a2n+l 



(3.36) 



Now we see that ( ^.361 ) is precisely the expression that is needed to replace CQ2„+i...ap 
with Ca2^^Y---Q-p (|3.27|) . Finally, if we combine (|3.35|) with ( p. 361) we obtain following 
form of the current J"^ 

+ 



„>o "--^ y- 



n— 1 



2n 



„>o "-^ y- 



)n— 1 



(3.37) 



where J"^ is a gauge field current for D(p-l)-brane given in (|2]21|). Note also that 
the term on the second line in (p.37|) is exactly the right one in order to interpret 
t as an embedding coordinate since in the expression on the first line in ( |3.37| ) the 
partial derivative da2 treats x as an independent variable. We will also see that in 
all other currents similar additional terms appear as well. 
Finally, we will analyse the gauge current for fii = x 



2n 

jx _ Sr^ ^xa2a3---avai g 

^ n\2''q\ 

^0 ^'2"g! 



«2 



n-1 ^ f) T 

Q3...02n "2n + l---Op'^ai-' 



n>0 

= a 



_OL\...OLpX 



a.2 



\-' /Q!3...a2n '^2n+l---ap 



(3.38) 



where we have used an antisymmetry of under exchange of a\ and so that 

Thanks to the presence of the term d^^t we can, following discussion given above, 
everywhere replace T with T and C with C . From the same reason we can add 
to (Pi an expression a\//'En>o [(^)a3".'.a2„C'a,„+,..a,] a^^t^^.t that 

formally vanishes however with this term the current (p.38|) can be written as 



+ 



2r7 r ~ ~ 

•J "J ^ ^O'l'' ^\r)n„\^ ^02 [W )a3...a2„'^a2„+i...ap 

2n 



+<^Vf'y-—^e'^^-^^^d. [(^)S-.'.«2„^"2„+i..-.J 9a2td..t = aVfd^^tr^ . 



(3.39) 
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Let us now proceed to the analysis of the tachyon current (|2.11| ) for the ansatz (|3 
and CO 



jt = -v{T) y: 



1 



lll...flp+ir^ 



(3.40) 



Now we spht the calculations into two parts, the first one when /ip+i = x and the 
second one when /ip+i ^ x. In the first case we get 

1 



„<o^K2!)"g! 



-vy 



„Qi ...a.pX 



(3.41) 



Now we extend the expression dxhud^t-^^X^ d^^^-X^ as 



(3.42) 



In the same way we can proceed with the expression d^Cj^^^j^^^j^. Then the expression 
( |3.41|) takes the form 



n<o^K2!)"g! 



^ai...apX 



+vy 



W ) ai...a2„'-'x^ M2n+l-MpUa2n+i'' ■ ■ ■'-'apl 

2n 



+ 



+vy ^ 

n<o^!(2!)"g! 



(3.43) 



where we have included tilde components defined in (|3.31| ). We have also used the 
fact that we can write bgjda2X^ = bi^MdcX^ and in the same way we can extend the 
embedding C97,„+,.../,9„,„^,X^-+^ . . . d^^X'^ to C9M,„+,...M,9„,„^,y^^-+2 . . . 
using antisymmetry of CMi...Mq- 

Let us now consider the case when /ip+i 7^ x in (|3.40|) . In this case we get 



-v{T) y: 



2n 



„^on!(2!)"g! 



xa2...apaiCj r {■r-\n-l 
t Ua^ •'xa2\'')a-i...a2n^°^-2n+i—(^p 
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— V{T) ^ ^ai---0'2nXa2n+2a-vO-2n+l Q 



n<0 



n\{2\Yq\ 



«2n+l 



(•^)ai...a2n'^- 



Xa2n+2--.OI-p 



2n 



„^on!(2!)"g! 



+ 



(•^)ai...a2n^9/2n+2.../p^a2n+2-^'^^"^^ • • • ^apX'" 



(3.44) 



using the fact that F^ai = Fa^^ = 0. 

We will again argue that terms written on the third and the fourth line in ( p.43| ) 
are important for an interpretation of t as an embedding coordinate. In fact, following 
discussion performed in previous section it is easy to see that 



x=m 

+bgidaida2X^ 



(3.45) 

where the second term vanishes after multiplying this derivative with eo^i^z--- 
same way we can show that the derivative da^^aza^ takes the form 



+ 



+ d^bijdazX^da^X-^da^tl + 
+ bij{x,X)d^, (d^,X'd^,X' 



x=t{i) 



(3.46) 



If we multiply the expression given above with g"2a3a4 -- obtain that the first and 
the last term vanishes as can be seen from following examples 

020304^1 a yI ,030204 f) f) yI 

(3.47) 

If we now combine ( p.43|) with ( p.44|) we obtain that the tachyon current has nat- 
ural interpretation as the current for the scalar mode t(^) that parametrises location 
of D(p-l)-brane in the direction 



T 



-VJg 



(3.48) 



with Jg given in ( p.21| ). 

Finally we will analyse currents Jk given in ( |2.12| ). Let us start with the first 
term in ( ^TT^ ) 



n<o^!(2!)"g! 



^^(T)a^6Miva^,x*^5^,x^(^);:3-i.^^^c^,„^,..,,^a^^^,T 
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n<o "'■\^-) y- 

(3.49) 

In the previous expressions we have included the terms with tilde from the same 
reasons as was argued in case of gauge field current. We can also simplify the 
expression above using the fact that 

(3.50) 

In the same way we can see that the last term in (p.49|) combine with the first term in 
( p.49|) so that we can replace Ca2„+i...ap with Ca2n+i...ap- Then (|3.49|) can be written 
as 



n<0 "'■{^■J H- 



(3.51) 



Looking on the form of the expression on the second line in ( |2.12D it is clear that it 
can be analysed in the same way as we did above 



^/ii.../jp+ 



+ 2nbQMdai tda2 (^) a|^^.a2„ f^xC'a2n+l . . ."p + 

V'' ) a\...a2n^K^XOi2n + 2---(yp^Oi2n + l ^ 



(3.52) 

that using the same arguments as were given below (|3.49| ) it can be rewritten in more 
suggestive form 

«V^/'e"-"^^(^):,..«2„^i^C'„2„,,...., . (3.53) 
Now let us consider expression on the third line in ( |2.12| ) 



.2^eA'i-Mp+ia 



Ml V{T)bKMdf,2X'^''{J^)'^^l^^^C^^^^^,„^pd^p^-^T 

't / ,oi ...ar,x 



-2nafVe'^-^^^d^, [hKMd^2y'\^)lto.2C.2.^.....p - 
-2nya/U[&/.M(^)S-'..2„a2„+i...ap]5.it5a2>^''' 
-4n(n - l)a/Ve"--''^9,, f&i^A/5„2r-^69;v5a3'^5a4^'^(^)a:L2„C'«2„+i...ap" - 



-2nga/Ve"-"''^9„, hKMde.2y''d^,t{T)l-]C, 



d f 



(3.54) 
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where we have used the fact that 



(3.55) 



We see that the expression on the first hne in ( |3.54| ) together with the expression on 
the third and the fourth hne arise from expansions of T and C in terms of JF , C and 
dt. Consequently ( |3.54D takes the form 



M 



(3.56) 



+ 



(9 f - 



Finally, we will analyse the expression on the fourth line in ( |2.12|) 

-(le^^-^^^^d^,^^, [V^(T)(^);:,..,,„C^M....M,5^.„^.X*^^ . . .9^^X*^^9^^^,T 

-ga\/f6-"''-9.[(^)^^_^„C;,„,„,,...„,; 

-g(g - l)e"'"^'^<9a2„+i [(•^)ai...Q2n^^a;a2n+3...ap'9a2^ 

Following discussion given below (|3.54 ) we can rewrite (|3.57|) into the form 



(3.57) 



+2. ..Op 



02n + l 



+ 
t . 



(3.58) 



If we look on the expressions in ( |3.56| ) and ( |3.58| ) we see that there are two terms 



-2nl^a/'a,.[6^M(^)^-.'.„2„^02„+2...ap]5o.i5a2>^ 



M 



^+2...0p 



(9 / 



(3.59) 



These terms are again important for an interpretation of t(^) as an embedding co- 
ordinate as was more carefully discussed above. Finally collecting (|3.51| ) , ( |3.53| ), 
( p.56| ) and ( |3.58| ) together we obtain that the current Jk takes the form 



Jk = af'VJx , 



(3.60) 



where Jk is given in ( |2.19| ). 
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As the final point we should determine the form of the current Jg. In fact, since 
in the analysis performed above there is nothing special about the index K it is clear 
that the result obtained there can be applied for X = 9 as well and we get 

J, = afVJ, . (3.61) 
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